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Abstract
In this article, we prove some results for lower nil M -Armendariz ring. Let M be
a strictly totally ordered monoid and I be a semicommutative ideal of R. If R
I
is a
lower nil M -Armendariz ring, then R is lower nil M -Armendariz. Similarly, for above
M , if I is 2-primal with N∗(R) ⊆ I and R/I is M -Armendariz, then R is a lower nil
M -Armendariz ring. Further, we observe that if M is a monoid and N a u.p.-monoid
where R is a 2-primal M -Armendariz ring, then R[N ] is a lower nil M -Armendariz
ring.
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1. Introduction
Throughout this article, R denotes an associative ring with identity unless otherwise stated.
For a ring R, N∗(R), N
∗(R) and N(R) denote the prime radical (lower nilradical), upper
nilradical and the set of nilpotent elements of R respectively. It is known that N∗(R) ⊆
N∗(R) ⊆ N(R). Here, R[x] denotes the polynomial ring with an indeterminate x over R
and Cf(x) for the set of all coefficients of f(x) ∈ R[x]. Mn(R) and Tn(R) represent the full
matrix ring and upper triangular matrix ring of order n over the ring R respectively.
A ring R is said to be Armendariz ring if whenever two polynomials, f(x)g(x) = 0 implies
ab = 0 for each a ∈ Cf(x), b ∈ Cg(x). R is reduced if it has no nonzero nilpotent element. In
1974, Armendariz himself proved that every reduced ring is satisfying above condition [3].
Later, the term Armendariz ring coined by Rege and Chhawchharia [19] in 1997. Currently,
several generalizations of Armendariz rings have been introduced.
A ring R is said to be semicommutative if whenever ab = 0 implies aRb = 0 for
a, b ∈ R and it is 2-primal if N∗(R) = N(R). In 2001, Marks called a ring R is NI if
N∗(R) = N(R) [13].
Let M be a monoid and e the identity element of M . R[M ] denotes the monoid ring of
M over ring R. In 2005, Liu [11], defined M-Armendariz ring as if whenever elements
1
α = a1g1 + a2g2 + . . . + angn, β = b1h1 + b2h2 + . . . + bmhm ∈ R[M ] satisfy αβ = 0, then
aibj = 0 for each i and j. Clearly, every ring is considered as M-Armendariz ring where
M = {e}. Moreover, if S is a semigroup with multiplication st = 0 for all s, t ∈ S and
M = S1, the semigroup S with identity, then ring is not anM-Armendariz. If M = N ∪{0},
then R isM-Armendariz if and only if R is Armendariz ring. Also, a monoidM with |M | ≥ 2
and R is M-Armendariz, he proved that R is a p.p.-ring if and only if R[M ] is a p.p.-ring.
In 2014, Alhevaz and Moussavi [2], called a ring R to be a nil M-Armendariz if α =
a1g1 + a2g2 + . . . + angn, β = b1h1 + b2h2 + . . . + bmhm ∈ R[M ] such that αβ ∈ N(R)[M ],
then aibj ∈ N(R) for each i and j. Later, in 2016, Alhevaz and Hashemi [1] introduced the
concept of upper and lower nil M-Armendariz ring relative to a monoid. A ring R is upper
(respectively, lower) nilM-Armendariz ring if whenever elements α = a1g1+a2g2+. . .+angn,
β = b1h1 + b2h2 + . . . + bmhm ∈ R[M ] such that αβ ∈ N
∗(R)[M ] (respectively N∗(R)[M ]),
then aibj ∈ N
∗(R) (respectively aibj ∈ N∗(R)) for each i and j.
2. Results on Lower nil M-Armendariz Ring
Recall that a monoid M is said to be u.p. monoid (unique product monoid) if for any two
non empty finite subsets A,B of M , there exists an element g ∈ M uniquely presented in
the form of ab where a ∈ A and b ∈ B. The class of unique product monoids is quite large
and important. For example, the right or left ordered monoids, torsion free nilpotent groups,
submonoids of a free group. unique product groups and u.p. monoids providing zero divisor
problem for group ring. The ring theoretical property of unique product monoid has been
established by many authors [6, 11, 16, 17] in past few decades.
Proposition 2.1. For a unique product monoid M , every 2-primal ring is lower nil M-
Armendariz ring.
Proof. Let M be a unique product monoid. Let α = a1g1 + a2g2 + . . . + angn, β = b1h1 +
b2h2 + . . .+ bmhm ∈ R[M ] such that αβ ∈ N∗(R)[M ]. Then αβ = 0 in R/N∗(R)[M ]. Since
R/N∗(R) is reduced, therefore, by Proposition (1.1) of [11], R/N∗(R) is M-Armendariz ring.
This implies aibj ∈ N∗(R) for each i and j. Thus, R is a lower nil M-Armendariz ring.
Corollary 2.1. For any unique product monoid M , semicommutative ring is lower nil M-
Armendariz ring.
A monoid M equipped with an order ≤ is said to be an ordered monoid if for any
r1, r2, s ∈M , r1 ≤ r2 implies r1s ≤ r2s and sr1 ≤ sr2. Moreover, if r1 < r2 implies r1s < r2s
and sr1 < sr2, then M is said to be strictly totally ordered monoid.
Since each strictly totally ordered monoid is a u.p. monoid, hence by Proposition 2.1, we
have the following result.
Corollary 2.2. Let M be a strictly totally ordered monoid. Then 2-primal rings are lower
nil M-Armendariz rings.
The following example shows that the condition u.p. monoid in Proposition 2.1 is not
superfluous.
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Example 2.1. Let M = {0, I, E11, E12, E21, E22}, where Eij is the unit matrix of M2(Z) for
each 1 ≤ i, j ≤ 2. Then M is a monoid but it is not a u.p. monoid. Let α = 1.E22 and
β = 1.E11 − 1.E12. Then αβ = 0 ∈ N∗(Z)[M ] but 1.1 /∈ N∗(Z). Hence, Z is a not a lower
nil M-Armendariz ring.
Proposition 2.2. Let M be a u.p. monoid, R be a lower nil M-Armendariz ring and S, a
subring of R.
(1) If N∗(S) ⊆ N∗(R), then S is a lower nil M-Armendariz ring.
(2) If R is an NI ring, then S is a lower nil M-Armendariz ring.
Proof. (1) Let αβ ∈ N∗(S)[M ], where α, β ∈ R[M ]. Then by assumption, αβ ∈ N∗(R)[M ].
Since R is a lower nil M-Armendariz ring, therefore aibj ∈ N∗(R) for each i, j. Since
N∗(S) ⊆ N∗(R), so N∗(S) = S ∩N∗(R) and hence aibj ∈ N∗(S) for each i, j.
(2) Since R is NI, N∗(R) = N(R). Also, for lower nil M-Armendariz ring, we have
N∗(R) = N
∗(R). Therefore, N∗(R) = N∗(R) = N(R). Thus, S is a lower nil M-
Armendariz ring.
Proposition 2.3. For a u.p. monoid M , every lower nil M-Armendariz ring is nil M-
Armendariz ring.
Proof. We know that R is a lower nil M-Armendariz ring if and only if R/N∗(R) is an M-
Armendariz ring. Then by using Lemma (3.1(c)) of [1] and Theorem (2.23) of [8], we obtain
the result.
But converse is not true. In this regard, we have an example.
Example 2.2. Let M be a u.p. monoid and we consider the ring given in Example 1.2 of [9].
Let S be a reduced ring, n a positive integer and Rn = U2n(S). Then each Rn is an NI ring by
[ [9], Proposition 4.1(1)]. Define a map σ : Rn → Rn+1 by A 7→
(
A 0
0 A
)
, then Rn can be
considered as subring of Rn+1 via σ (i.e., A = σ(A) for A ∈ Rn). Notice that D = {Rn, σnm},
with σnm = σ
m−n whenever n ≤ m, is a direct system over I = {1, 2, . . .}. Set R = Lim−−→ Rn
be the direct limit of D. Then R =
⋃∞
n=1Rn, and R is NI by [ [9], Proposition 1.1]. By
Theorem (2.2) of [2], NI ring is nil M-Armendariz ring. By [ [10], Theorem 2.2(1)], R is
a semiprime ring, hence N∗(R) = 0. Here N
∗(R) = {m = (mij) ∈ R | mii = 0 for all i}.
Thus, by Lemma (3.1(c)) of [1], R is not a lower nil M-Armendariz ring.
Proposition 2.4. Let M be a monoid with |M | ≥ 2. Then the following condition are
equivalent:
(1) R is a lower nil M-Armendariz ring.
(2) Tn(R) is a lower nil M-Armendariz ring.
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Proof. (1)⇒ (2) : It is easy to see that there exists an isomorphism between rings Tn(R)[M ]
and Tn(R[M ]), defined by
∑n
i=1


ai11 a
i
12 . . . a
i
1n
0 ai22 . . . a
i
nn
...
...
. . .
...
0 0 . . . ainn

 gi 7→


∑n
i=1 a
i
11gi
∑n
i=1 a
i
12gi . . .
∑n
i=1 a
i
1ngi
0
∑n
i=1 a
i
22gi . . .
∑n
i=1 a
i
nngi
...
...
. . .
...
0 0 . . .
∑n
i=1 a
i
nngi

 .
Let α = A1g1 +A2g2 + . . .+Amgm and β = B1h1 +B2h2 + . . .+Bnhn ∈ Tn(R)[M ] such
that αβ ∈ N∗(Tn(R))[M ], where
Ai =


ai11 a
i
12 . . . a
i
1n
0 ai22 . . . a
i
nn
...
...
. . .
...
0 0 . . . ainn

 , Bj =


bj11 b
j
12 . . . b
j
1n
0 bj22 . . . b
i
nn
...
...
. . .
...
0 0 . . . bjnn

 ∈ Tn(R).
We have N∗(Tn(R)) = {m = (mij) ∈ Tn(R) | mii ∈ N∗(R)}. Therefore, from αβ ∈
N∗(Tn(R))[M ], we get (
∑r
i=0 a
i
ppgi)(
∑s
j=0 b
j
pphj) ∈ N∗(R)[M ], for p = 1, 2 . . . n. Since R is
a lower nil M-Armendariz ring, therefore aippb
j
pp ∈ N∗(R), for each p and all i, j and hence
AiBj ∈ N∗(Tn(R)) for each i, j. Thus, Tn(R) is a lower nil M-Armendariz ring.
(2) ⇒ (1) : Note that R is isomorphic to




a a . . . a
0 a . . . a
...
...
. . .
...
0 0 . . . a

 : a ∈ R


, subring of
Tn(R). Clearly, R is a lower nil M-Armendariz ring.
Now, below example makes it clear that full matrix ring M2(R) over a ring R is not a
lower nil M-Armendariz ring.
Example 2.3. Let M be a monoid with |M | ≥ 2 and R is a ring. Take e 6= g ∈ M and let
α =
(
0 1
0 0
)
e−
(
1 0
0 0
)
g and β =
(
1 1
0 0
)
e+
(
0 0
1 1
)
g. Then αβ ∈ N∗(M2(R))[M ]
but
(
1 1
0 0
)
/∈ N∗(M2(R)). Therefore, M2(R) is not a lower nil M-Armendariz ring.
Proposition 2.5. Let N be an ideal of a cancellative monoid M . If R is a lower nil N-
Armendariz ring, then R is a lower nil M-Armendariz ring.
Proof. Suppose α = a1g1+a2g2+ . . .+angn, β = b1h1+ b2h2+ . . .+ bmhm ∈ R[M ] such that
αβ ∈ N∗(R)[M ]. Take k ∈ N , then kg1, kg2, . . . kgn, h1k, h2k, . . . hnk ∈ N and kgi 6= kgj,
hik 6= hjk when i 6= j. Now,
(
n∑
i=1
aikgi)(
m∑
j=1
bjhjk) ∈ N∗(R)[N ]. (2.1)
Since R is a lower nil N -Armendariz ring, therefore aibj ∈ N∗(R) for each i, j. Thus, R is a
lower nil M-Armendariz ring.
Definition 2.1. Let R be a ring and S−1R = {u−1a | u ∈ S, a ∈ R} with S a multiplicative
closed subset of R consisting of central regular elements. Then S−1R is a ring.
Proposition 2.6. LetM be a monoid and S be a multiplicative monoid in a ring R consisting
of central regular elements. Then R is a lower nil M-Armendariz ring if and only if so is
S−1R.
Proof. Let R be a lower nil M-Armendariz ring and αβ ∈ N∗(S
−1R)[M ] where α = p1g1 +
p2g2+ . . .+pngn and β = q1h1+q2h2+ . . .+qmhm ∈ (S
−1R)[M ]. Here, we consider pi = aiu
−1
and qj = bjv
−1, where ai, bj ∈ R for each i, j and u, v ∈ S. From αβ ∈ N∗(S
−1R)[M ], we
have (a1g1 + a2g2 + . . . + angn)(b1h1 + b2h2 + . . . + bmhm) ∈ N∗(R)[M ]. Since R is the
lower nil M-Armendariz ring, therefore aibj ∈ N∗(R). Since N∗(S
−1(R)) = S−1N∗(R), so
piqj = aiu
−1bjv
−1 = aibj(uv)
−1 ∈ N∗(S
−1(R)). Thus, S−1R is a lower nil M-Armendariz
ring.
Converse is obvious, since N∗(R) ⊆ N∗(S
−1R) and R is subring of S−1R. Therefore, R is a
lower nil M-Armendariz ring.
Lemma 2.1. Let M be a monoid with a nontrivial element of finite order and R a ring such
that 0 6= 1. Then R is not a lower nil M-Armendariz ring.
Proof. Suppose e 6= g ∈ M has order n and consider α = 1e + 1g + . . . + 1gn−1 and
β = 1e + (−1)g. Then αβ = 0 i.e. αβ ∈ N∗(R)[M ] but 1 /∈ N∗(R). Hence, R is not a lower
nil M-Armendariz ring.
Lemma 2.2. Let N be a submonoid of the monoid M . If R is a lower nil M-Armendariz
ring, then R is a lower nil N-Armendariz ring.
Definition 2.2. If T (G) contain elements of finite order in an abelian group G. Then T (G)
is a fully invariant subgroup of G. Group G is said to be torsion-free group if T (G) = {e}.
Theorem 2.1. Let G be a finitely generated abelian group. Then the following conditions
on G are equivalent:
(1) G is torsion-free.
(2) There exists a ring R with |R| ≥ 2 such that R is a lower nil G-Armendariz ring.
Proof. (1)⇒ (2): If G is a finitely generated abelian group with T (G) = {e}. Then
G ∼= Z×Z× . . .× Z. By [ [11], Lemma 1.13], G is u.p.-monoid. Also, by corollary 2.1, R is
a lower nil G-Armendariz, for any semicommutative ring R with |R| ≥ 2,.
(2)⇒ (1): Let g ∈ T (G) and g 6= e. Then H = < g > is a cyclic group of finite order. If a
ring R 6= 0 is lower nil G-Armendariz ring, then R is lower nil H-Armendariz ring by Lemma
2.2, which contradicts Lemma 2.1. Thus, every ring R 6= 0 is not a lower nil G-Armendariz
ring. Hence, g = e and T (G) = e.
Proposition 2.7. Let M be a monoid with M ≥ 2. Then the following conditions are
equivalent:
(1) R is a lower nil M-Armendariz ring.
(2) H3(R) =



 a11 0 0a21 a22 a23
0 0 a33

 : aij ∈ R

 is a lower nil M-Armendariz ring.
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Proof. First, we claim that
N∗(H3(R)) =

 N∗(R) 0 0R N∗(R) R
0 0 N∗(R)

 .
If we consider

 a11 0 0a21 a22 a23
0 0 a33

 ∈

 N∗(R) 0 0R N∗(R) R
0 0 N∗(R)

,
then aii ∈ N∗(R) for each 1 ≤ i ≤ 3. So, RaiiR ⊆ N(R) for each i, 1 ≤ i ≤ 3. Then there
exists a positive integer n corresponding to nilpotency of all elements of RaiiR such that
 a11 0 0a21 a22 a23
0 0 a33


2n
= 0 ∈ N∗(H3(R)). Hence,

 N∗(R) 0 0R N∗(R) R
0 0 N∗(R)

 ⊆ N∗(H3(R)).
Conversely,

 a11 0 0a21 a22 a23
0 0 a33

 = C ∈ N∗(H3(R)). Then (H3(R))C(H3(R)) ⊆ N(H3(R)).
This implies RaiiR ⊆ N(R) and hence aii ∈ N∗(R) for each 1 ≤ i ≤ 3. Therefore
N∗(H3(R)) ⊆

 N∗(R) 0 0R N∗(R) R
0 0 N∗(R)

 .
Next, we prove H3(R) is a lower nil M-Armendariz ring. Since Φ : H3(R)[M ] 7→ H3(R[M ])
defined by
n∑
i=1

 a
i
11 0 0
ai21 a
i
22 a
i
23
0 0 ai33

 gi 7→


∑n
i=1 a
i
11gi 0 0∑n
i=1 a
i
21gi
∑n
i=1 a
i
22gi
∑n
i=1 a
i
23gi
0 0
∑n
i=1 a
i
33gi


is an isomorphism. Let α = A1g1 + A2g2 + · · · + Angn, β = B1h1 + B2h2 + · · · + Bmhm ∈
H3(R)[M ] such that αβ ∈ N∗(H3(R))[M ], where Ai, Bj ∈ H3(R). Also, let αp =
∑n
i=1 a
i
ppgi,
βp =
∑m
j=1 b
j
pphj ∈ R[M ], for p = 1, 2, 3. Then by above isomorphism, it is easy to see that
αβ ∈ N∗(H3(R)[M ]). So αpβp ∈ N∗(R)[M ] and this implies a
i
ppb
j
pp ∈ N∗(R) for each i, j, p.
Therefore, AiBj ∈ N∗(H3(R)). Thus, H3(R) is a lower nil M-Armendariz ring.
Proposition 2.8. (1) Direct sum of lower nil M-Armendariz rings is a lower nil M-
Armendariz ring.
(2) Direct product of lower nil M-Armendariz rings is a lower nil M-Armendariz ring.
Proof. (1) It is well known that N∗(
∏
Ri) =
∏
(N∗(Ri)). Let α =
∑m
i=0 aiδgi ∈ R[M ]
and β =
∑n
j=0 bjδhj ∈ R[M ] such that αβ ∈ N∗(R)[M ]. Then α = (αδ) and
β = (βδ) ∈ R[M ], where αδ =
∑m
i=0 aiδgi and βδ =
∑n
j=0 bjδgj. So, αδβδ ∈ N∗(Rδ)
where δ ∈ I. Since Rδ is the lower nil M-Armendariz ring, therefore aiδbjδ ∈ N∗(Rδ).
Thus, R is a lower nil M-Armendariz ring.
(2) It is easily seen that N∗(⊕Ri) = ⊕(N∗(Ri)). As above, direct sum of lower nil M-
Armendariz ring is a lower nil M-Armendariz ring.
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Proposition 2.9. For a monoid M , if R is a semicommutative lower nil M-Armendariz
ring, then N∗(R)[M ] = N∗(R[M ]).
Proof. Let α = a1g1 + a2g2 + · · ·+ amgm ∈ N∗(R)[M ], where ai ∈ N∗(R) for each 1 ≤ i ≤ n.
Now, RaiR ⊆ N(R) for each 1 ≤ i ≤ n. Then there exists ki, a positive integer, such that
(RaiR)
ki = 0 for each fixed ai, where 1 ≤ i ≤ n. Let k > max{ki : 1 ≤ i ≤ n}. Let
β1 = b1h1 + b2h2 + · · · + blhl and β2 = c1h
′
1 + c2h
′
2 + · · · + cnh
′
n ∈ R[M ]. Then β1αβ2 =
(b1a1c1h1g1h
′
1+b1a1c2h1g2h
′
2+· · ·+b1a1cnh1g1h
′
n)+(b1a2c1h1g2h
′
1+· · ·+b1a2cnh1g2h
′
n)+· · ·+
(b1amc1h1gmh
′
1+· · ·+b1amcnh1gmh
′
n)+(b2a1c1h2g1h
′
1+· · ·+b2amcnh2g1h
′
n)+· · ·+(b2amc1h2gmh
′
1+
· · ·+ b2amcnh2gmh
′
n) + · · ·+ (bla1c1hlg1h
′
1 + · · ·+ bla1cnhlg1h
′
n) + · · ·+ (blamc1hlgmh
′
1 + · · ·+
blamcnhlgmh
′
n). For brevity of notation, let β1αβ2 = A1t1 + A2t2 + · · · + Almntlmn. Then
(β1αβ2)
klmn = (A1t1 +A2t2 + · · ·+Almntlmn)
klmn =
∑
u(
∑
ts1 ts2...tsklmn
=uAs1As2 . . . Asklmn)u.
Here, in (β1αβ2)
klmn, each term of As1As2 . . . Asklmn, there exist some Aj for 1 ≤ j ≤ lmn, at
least k times. Therefore, we can replace As1As2 . . . Asklmn by B1A
v1
j B2A
v2
j . . . BwA
vp
j , where
v1+ v2+ · · ·+ vp > k and Bq is a product of some elements from the set {A1, A2, . . . , Almn}.
Since Av1+v2+···+vp = 0 and R is a semicommutative ring, so B1A
v1
j B2A
v2
j . . . BwA
vp
j = 0.
Therefore, As1As2 . . . Asklmn = 0 and hence (β1αβ2)
klmn = 0. Thus, N∗(R)[M ] ⊆ N∗(R[M ]).
Conversely, let α = a1g1 + a2g2 + · · · + amgm ∈ N∗(R[M ]). Then for each β1, β2 ∈ R[M ],
(β1αβ2) ⊆ N(R[M ]). In the same way, we get (γ1αγ2)
s = 0, for each γ1, γ2 ∈ R[M ], since
α ∈ N∗(R[M ]). As above, if (β1αβ2)
n = (A1t1 + A2t2 + · · ·+ Almntlmn)
n = 0. This implies
(β1αβ2)
n ∈ N∗(R)[M ], therefore A
n
i ∈ N∗(R), since R is lower nil M-Armendariz ring. By
the above expression, (A1)
n = (b1a1c1)
n ∈ N∗(R) ⊆ N(R). This implies that b1a1c1 ∈ N(R)
for each b1, c1 ∈ R, thus a1 ∈ N∗(R). Similarly, ai ∈ N∗(R) for each 1 ≤ i ≤ m. Therefore,
N∗(R[M ]) ⊆ N∗(R)[M ]. Hence, N∗(R[M ]) = N∗(R)[M ].
Proposition 2.10. Let M be a monoid and N a u.p. monoid. If R is a semicommutative
lower nil M-Armendariz ring, then R[M ] is a lower nil N-Armendariz ring.
Proof. Here, every lower nil M-Armendariz ring is a nil M-Armendariz ring. Moreover,
by Proposition 2.12 of [2], N(R)[M ] = N(R[M ]) and by Proposition 2.9, N∗(R)[M ] =
N∗(R[M ]). Again, by semicommutative of R, we get N(R[M ]) = N(R)[M ] = N∗(R)[M ] =
N∗(R[M ]). Hence, R[M ] is a 2-primal ring. Finally, by Proposition 2.1, R[M ] is a lower nil
N -Armendariz ring.
Theorem 2.2. Let M be a monoid and N be a u.p. monoid. If R is a semicommutative
and lower nil M-Armendariz ring, then R[N ] is a lower nil M-Armendariz ring.
Proof. First note that Φ : R[N ][M ]→ R[M ][N ] defined by φ(
∑
i(
∑
j aijnj)mi) =
∑
j(
∑
i aijmi)
nj is a ring isomorphism. Now, suppose (
∑
i αimi)(
∑
j βjm
′
j) ∈ N∗(R[N ])[M ], where mi,
m
′
j ∈ M and αi, βj ∈ R[N ] for each i, j. In order to prove αiβj ∈ N∗(R[N ]) for each i, j,
let αi =
∑
r airnr and βj =
∑
s ajsn
′
s ∈ R[N ]. From Proposition 2.9, we have N∗(R)[M ] =
N∗(R[M ]). Further, R is a semicommutative ring and N a u.p. monoid, so by Corollary 2.1,
R is a lower nil N -Armendariz ring. Again, by Theorem 3 of [6], we have N∗(R)[N ] =
N∗(R[N ]). Hence, (
∑
r(
∑
i airmi)nr)(
∑
s(
∑
j ajsm
′
j)n
′
s) ∈ N∗(R[M ])[N ]. Therefore, by
Proposition 2.9, (
∑
i airmi)(
∑
j ajsm
′
j) ∈ N∗(R[M ]) = N∗(R)[M ], for each r and s. Since
R is a lower nil M-Armendariz ring, therefore airbjs ∈ N∗(R) for each i, j, r, s, this implies
αiβj ∈ N∗(R)[N ] = N∗(R[N ]). Thus, R[N ] is a lower nil M-Armendariz ring.
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A ring R is said to be a Dedekind finite (von Neumann − finite) if ab = 1 implies
ba = 1 for each a, b ∈ R.
Proposition 2.11. Let M be a cyclic group of order n ≥ 2. Then each lower nil M-
Armendariz ring is a Dedekind finite.
Proof. Let R be a lower nil M-Armendariz ring and assume on the contrary R is not a
Dedekind finite. Then by Proposition (5.5) of [7], R contains an infinite set of matrix
units, say {E11, E12, E13, . . . , E21, E22, E23, . . .}. Consider the elements α = E11e+E12g and
β = (E22 − E11)e + (E11 − E12)g of R[M ]. Then αβ = 0 but (E11 − E12) is not a strongly
nilpotent, which contradicts the assumption. Hence, R is a Dedekind finite.
Theorem 2.3. Let M be a monoid and N a u. p. monoid. If R is a semicommutative lower
nil M-Armendariz ring, then R is a lower nil M ×N-Armendariz ring.
Proof. By Theorem (2.3) of [11], we have R[M × N ] ∼= R[M ][N ] and by Proposition 2.9,
N∗(R)[M ] = N∗(R[M ]). Rest part of the proof follows Proposition 2.10.
Let Mi, i ∈ I, be monoids for index set I. Denote
⊔
i∈I Mi = {(hi)i∈I | there exist only
finite i′s such that hi 6= ei, the identity of Mi}. Then
⊔
i∈I Mi is a monoid under the binary
operation (hi)i∈I(h
′
i)i∈I = (hih
′
i)i∈I .
Corollary 2.3. Let Mi, i ∈ I be u.p. monoids and R a semicommutative ring. If R is a
lower nil Mi0-Armendariz ring for some i0 ∈ I, then R is a lower nil (
⊔
i∈I Mi)-Armendariz
ring.
Proof. Let α =
∑
i aigi, β =
∑
j bjhj ∈ R[
⊔
i∈I Mi] such that αβ ∈ N∗(R)[
⊔
i∈I Mi]. Then
α, β ∈ R[Mi0×M1×M2×· · ·×Mn] for some finite subset {M1,M2, . . . ,Mn} ⊆ {Mi : i ∈ I}.
From Theorem 2.3 and by applying induction, the ring R is a lower nil (Mi0×M1×M2×· · ·×
Mn)-Armendariz ring, therefore aibj ∈ N∗(R). Hence, R is a lower nil
⊔
i∈I Mi-Armendariz
ring.
Theorem 2.4. The classes of lower nil M-Armendariz rings are closed under direct limit.
Proof. Let D = {Ri, αij} be a direct system of lower nil M-Armendariz rings Ri for i ∈ I
and ring homomorphisms αij : Ri → Rj for each i ≤ j satisfying αij(1) = 1, where I is a
directed partially ordered set. Let R = lim−→Ri be the direct limit of D with li : Ri → R
and liαij = li. We will prove R is lower nil M-Armendariz ring. If we take a, b ∈ R, then
a = li(ai), b = lj(bj) for some i, j ∈ I and there is s ∈ I such that i ≤ s, j ≤ n. Define
a+ b = ls(αis(ai) + αjs(bj)) and ab = ls(αis(ai)αjs(bj))
where αis(ai), αjs(bj) ∈ Rs. Then R forms a ring with li(0) = 0 and li(1) = 1. Now, let
αβ ∈ N∗(R)[M ] for α =
∑m
p=1 apgp and β =
∑n
q=1 bqhq ∈ R[M ]. There are ip, jq, s ∈ I such
that ap = lip(aip), bq = liq(bjq), ip ≤ s, jq ≤ s and hence αβ ∈ N∗(Rs)[M ]. Since Rs is a
lower nil M-Armendariz, ls(αips(ai)αjqs(bj)) ∈ N∗(Rs) and therefore apbq ∈ N∗(R). Thus, R
is a lower nil M-Armendariz ring.
Theorem 2.5. Let M be a strictly totally ordered monoid and I be an ideal of the ring R.
If I is semicommutative ideal and R/I is a lower nil M-Armendariz ring, then R is a lower
nil M-Armendariz.
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Proof. Let α =
∑m
i=1 aigi and β =
∑n
j=1 bjhj in R[M ] with αβ ∈ N∗(R)[M ] where g1 <
g2 < g3 · · · gm, h1 < h2 < h3 < · · ·hn. Then
∑
gihj=w
aibj ∈ N∗(R). Now, we use transfinite
induction on the strictly totally ordered set (M,≤) to prove aibj ∈ N∗(R), for each i, j.
Clearly, αβ ∈ N∗(R/I)[M ]. Since R/I is a lower nil M-Armendariz ring, so there exists a
positive integer s such that (r1aibjr2)
s ∈ N(R) for each i, j and r1, r2 ∈ R. Also, g1h1 < gihi
if i 6= 1 or j 6= 1. This implies that a1b1 ∈ N∗(R). Now, suppose aibj ∈ N∗(R), for any gi
and hj with gihj < w. In order to prove aibj ∈ N∗(R), for each i, j and gihj = w, consider
X = {(gi, hj)|gihj = w}. Then X is a finite set. We write X as {(git, hjt)|t = 1, 2, . . . , k} such
that gi1 < gi2 < · · · < gik . SinceM is a cancellative monoid, gi1 = gi2 and gi1hj1 = gi2hj2 = w
imply that hj1 = hj2. Also, since (M,≤) is a strictly totally ordered monoid, gi1 < gi2 and
gi1hj1 = gi2hj2 = w imply hj2 < hj1. So, we have hjk < · · · < hj2 < hj1 . Now, we have
∑
gihj=w
aibj =
∑
(gi,hj)∈X
aibj =
k∑
t=1
aitbjt ∈ N∗(R) ⊆ N(R).
∑
gihj=w
r1aibjr2 =
∑
(gi,hj)∈X
r1aibjr2 =
k∑
t=1
r1aitbjtr2 ∈ N(R) for any r1, r2 ∈ R. (2.2)
Note that, gi1hjt < githjt = w for any t ≥ 2 and by induction hypothesis, we have ai1bj2 ∈
N∗(R). Consider (ai1bj2)
p = 0 for some integer p. Then (bj2ai1)
p+1 = 0. Therefore,
((r1ai2bj2r2)(r1ai1bj1r2)
s+1r1ai2)(bj2ai1)
p+1(bj2ai1(r1ai1bj1r2)
s+1) = 0.
((r1ai2bj2r2)(r1ai1bj1r2)
s+1r1ai2)(bj2ai1)(bj2ai1)
p(bj2ai1(r1ai1bj1r2)
s+1) = 0.
((r1ai2bj2r2)(r1ai1bj1r2)
s+1r1ai2)(bj2)(r1(r1ai1bj1r2)
s+1r2)(ai1)(bj1r2(r1)ai2bj2r2)
(r1ai1bj1r2)
s+1r1ai2)(bj2ai1)
p(bj2ai1(r1ai1bj1r2)
s+1) = 0.
This implies
[(r1ai2bj2r2)(r1ai1bj1r2)
s+1]2[(r1ai2bj2r2)(r1ai1bj1r2)
s+1r1ai2 ](bj2)(r1(r1ai1bj1r2)
s+1r2)(ai1)
(bj1r2(r1)ai2bj2r2)(r1ai1bj1r2)
s+1r1ai2)(bj2ai1)
p−1(bj2ai1(r1ai1bj1r2)
s+1) = 0.
Continuing above procedure, we get
[(r1ai2bj2r2)(r1ai1bj1r2)
s+1)]2n+2 = 0.
This implies that (r1ai2bj2r2)(r1ai1bj1r2)
s+1 ∈ N(I). Similarly, we can see that (r1aitbjtr2)
(r1ai1bj1r2)
s+1 ∈ N(I) for 3 ≤ t ≤ k. Since I is a semicommutative ideal, so N(I) is an ideal
of I, therefore
∑k
t=2(r1ai2bj2r2)(r1ai1bj1r2)
s+1 ∈ N(I). On the other hand, multiplying by
(r1ai1bj1r2)
s+1 from right in equation (2.2), we have
∑k
t=1(r1aitbjtr2)(r1ai1bj1r2)
s+1 ∈ N(I),
so (r1ai1bj1r2)
s+2 ∈ N(I) ⊆ N(R) and hence, ai1bj1 ∈ N∗(R). Continuing this process, we
get aitbjt ∈ N∗(R) for 1 ≤ t ≤ k. So, aibj ∈ N∗(R) for each i, j with gihj = w. Thus,
aibj ∈ N∗(R) for each i, j.
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Let R be a ring with an endomorphism α such that α(1) = 1. Chen et al. in [5],
considered the skew upper triangular matrix ring as a set of all upper triangular matrices
with operations usual addition of matrices and multiplication subjected to the condition
Eijr = α
j−i(r)Eij, i.e. for any two matrices (aij) and(bij), we have (aij)(bij) = (cij), where
cij = aijbij + ai,i+1α(bi+1,j) + · · ·+ aijα
j−i(bjj) for each i ≤ j and it is denoted by Tn(R, α).
It is noted that N∗(Tn(R, α)) = (N∗(R), R, . . . , R)
The subring of the skew triangular matrices with constant main diagonal is denoted by
S(R, n, α). Also, the subring of skew triangular matrices with constant diagonals is denoted
by T (R, n, α). We can denote A = (aij) ∈ T (R, n, α) by (a11, a12, . . . , a1n). Then T (R, n, α)
is a ring with addition is pointwise and multiplication given by
(a0, a1, . . . , an−1)(b0, b1, . . . , bn−1) = (a0b0, a0 ∗ b1 + a1 ∗ b0, . . . , a0 ∗ bn−1 + · · ·+ an−1 ∗ b0)
with ai ∗ bj = aiα
i(bj) for each i, j. On the other hand, there is a ring isomorphism Φ :
R[x, α]/(xn) → T (R, n, α), given by Φ(
∑n−1
i=0 aix
i) = (a0, a1, a2, . . . , an−1), with ai ∈ R,
0 ≤ i ≤ n−1. So, T (R, n, α) ∼= R[x, α]/(xn), where R[x, α] is the skew polynomial ring with
multiplication subject to the condition xr = α(r)x for each r ∈ R.
Also, we consider the following subrings of S(R, n, α)
A(R, n, α) =


⌊n
2
⌋∑
j=1
n−j+1∑
i=1
ajEi,i+j−1 +
n∑
j=⌊n
2
⌋+1
n−j+1∑
i=1
ai,i+j−1Ei+j−1|aj, ai,k ∈ R

 .
B(R, n, α) = {A+ rE1k | A ∈ A(R, n, α), r ∈ R and n = 2k ≥ 4}.
Let S be a monoid and f be an identity of S. Suppose F ∪{0} is a free monoid generated by
W = {w1, w2, . . . , wt} and S is a factor of F . Setting certain monomial inW to 0, it is enough
to show that for some n, δn = 0 for any δ 6= f . Let R be a ring with an endomorphism
α. Then we can form the skew monoid ring R[S, α], by taking its elements to be finite
formal combinations
∑
g∈S rgg, with multiplication subject to the relation wir = α(r)wi, for
each 1 ≤ i ≤ t. It is easily seen that N∗(R[S, α]) = {
∑
g∈S rgg|rg ∈ N∗(R)} and also the
ring S(R, n, α) and T (R, n, α) fit naturally into R[S, α] with W = {E12, . . . , En−1,n} and
W = {E12 + · · ·+ En−1,n} respectively.
Theorem 2.6. Let M and S be two monoids and α an endomorphism of the ring R with
α(1) = 1. Then the following hold:
(1) R is lower nil M-Armendariz if and only if so is S(R, n, α)
(2) R is lower nil M-Armendariz if and only if so is T (R, n, α)
(3) R is lower nil M-Armendariz if and only if so is A(R, n, α)
(4) R is lower nil M-Armendariz if and only if so is B(R, n, α)
(5) R is lower nil M-Armendariz if and only if so is Tn(R, α)
(6) R is lower nil M-Armendariz if and only if so is R(S, α]
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Proof. (1) Suppose that R is a lower nil-M Armendariz ring. Let α =
∑m
i=1Aigi and
β =
∑n
j=1Bjhj ∈ S(R, n, α)[M ] such that αβ ∈ N∗(S(R, n, α))[M ], where Ai = (a
(i)
st ),
Bj = (b
(j)
st ) for 1 ≤ i ≤ m and 1 ≤ j ≤ n. This implies α0β0 ∈ N∗(R)[M ], where
α0 =
∑m
i=1 a
(i)
11gi and β0 = b
(j)
11 hj ∈ R[M ]. Therefore, a
(i)
11 b
(j)
11 ∈ N∗(R) for each i, j,
since R is a lower nil M-Armendariz ring. Therefore, AiBj ∈ N∗(S(R, n, α)) for each
i, j. Hence, S(R, n, α) is a lower nil M-Armendariz ring. Proof of other part is similar.
Theorem 2.7. (Theorem 3.2 of [1]) Let M be a u.p. monoid with nontrivial center. If R
is a lower nil M-Armendariz ring, then N(R)[M ] = N(R[M ]).
Theorem 2.8. (Theorem 3 of [6]) Let R be a ring and M a u.p. monoid. Then N∗(R)[M ] =
N∗(R[M ]).
Theorem 2.9. (Theorem 5 of [6]) Let R be a ring and M a u.p. monoid. Then N∗(R) =
N(R) if and only if N∗(R[M ]) = N(R[M ]).
Remark 2.1. For a 2-primal ring R and a u.p. monoidM , one can conclude that N(R)[M ] =
N(R[M ]).
Weak Annihilator: Let R be a ring. For a subset X of R, the weak annihilator of X
in R is NR(X) = {a ∈ R : xa ∈ N(R) for all x ∈ X}. If X is singleton, say X = {r}, then
we use NR(r).
Given a ring R, we define
NAnnR(2
R) = {NR(U) : U ⊆ R}
NAnnR[M ](2
R[M ]) = {NR[M ](V ) : V ⊆ R[M ]}.
For an element β ∈ R[M ], Cβ denotes the set of all coefficients of β and for a subset W of
R[M ], CW denotes the set
⋃
β∈W Cβ.
Theorem 2.10. Let M be a u. p. monoid with nontrivial center and R a lower nil M-
Armendariz. Then
Φ : NAnnR(2
R)→ NAnnR[M ](2
R[M ])
defined by Φ(I) = I[M ] for every I ∈ NAnnR(2
R) is bijective.
Proof. By Theorem (3.2) of [1], we have N(R)[M ] = N(R[M ]) and also from Proposition
2.3, R is nil M-Armendariz ring. Therefore by Theorem (3.1) of [12] result is true.
A ring R is said to be nilpotent p.p. ring if for any q /∈ N(R), the NR(q) is generated as
a right ideal by a nilpotent element of R.
Theorem 2.11. Let M be a monoid and R be a semicommutative lower nil M-Armendariz
ring. If R is nilpotent p.p. ring, then so is R[M ].
Proof. Let α = a1g1 + a2g2 + · · · + angn /∈ N(R[M ]) and β = b1h1 + b2h2 + · · · + bmhm ∈
NR[M ](α). Then αβ ∈ N(R[M ]. Also, by Proposition (2.12) of [2], N(R)[M ] = N(R[M ]),
therefore αβ ∈ N(R)[M ] and hence aibj ∈ N(R) for each 1 ≤ i ≤ n, 1 ≤ j ≤ m. Since
α /∈ N(R[M ]) = N(R)[M ], so there exist at least one i, 1 ≤ i ≤ n such that ai /∈ N(R).
Therefore, R being nilpotent p.p. ring, there exist some s ∈ N(R) such that NR(ai) = sR.
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Now, we claim NR[M ](α) = se.R[M ]. Since bj ∈ NR(ai) for each 1 ≤ j ≤ m, so bj = srj for
some rj ∈ R. Therefore β = se(r1h1 + r2h2 + · · · + rmhm) ∈ se.R[M ], hence NR[M ](α) ⊆
se.R[M ].
Also, for any δ = w1e1+w2e2+· · ·+wqeq ∈ R[M ] and since s ∈ N(R), therefore aiswj ∈ N(R)
for each i, j, because R is semicommutative ring. So α.se.δ ∈ N(R)[M ] = N(R[M ]). Hence
we have se.R[M ] ⊆ NR[M ](α). Thus, NR[M ](α) = se.R[M ], where se ∈ N(R[M ]).
3. Lower nil M-Armendarz ring and M-Armendariz ring
Theorem 3.1. Let M be a strictly totally ordered monoid and I be a proper ideal of R
with N∗(R) ⊆ I. If R/I is M-Armendariz and I is 2-primal ring, then R is lower nil M-
Armendariz ring.
Proof. Suppose R = R/I is an M-Armendariz ring and I is a 2-primal ring. Since, N∗(R) ⊆
I, so N∗(R) ⊆ N∗(I). Also I is an ideal of R, so N∗(I) ⊆ N∗(R) and hence N∗(I) = N∗(R).
Since I is a 2-primal, I/N∗(R) = I/N∗(I) ∼= I/N(I), therefore it is reduced.
Let α = a1g1+ a2g2+ . . .+ angn and β = b1h1+ b2h2+ . . .+ bmhm such that αβ ∈ N∗(R)[M ]
with g1 < g2 < . . . < gm, h1 < h2 < . . . < hn where g1, g2, . . . , gn, h1, h2, . . . hm ∈ M . Now,
we use transfinite induction on strictly totally ordered set (M,≤) to show aibj ∈ N∗(R).
Since N∗(R) ⊆ I, therefore αβ ∈ I[M ]. Since R/I is M-Armendariz, therefore aibj ∈ I for
each i and j. If there exist 1 ≤ i ≤ n and 1 ≤ j ≤ m such that gihi = g1h1, then g1 ≤ gi and
h1 ≤ hj. If g1 < gi, then g1h1 < gih1 ≤ gihi = g1h1 implies g1h1 < g1h1, a contradiction.
Hence a1b1 ∈ N∗(R).
Now, let w ∈ M be such that for any gi and hj , gihj < w, aibj ∈ N∗(R). We will show that
aibj ∈ N∗(R) for any gi and hj with gihj = w. Consider X = {(gi, hj) : gihj = w}, then X is
a finite set. So, we put X = {(git , hjt) : t = 1, 2, . . . k} such that gi1 < gi2 < . . . < gik . Here
M is cancellative, gi1 = gi2 and gi1hj1 = gi2hj2 = w imply hj1 = hj2 . Since (M,≤) strictly
totally ordered monoid, gi1 < gi2 and gi1hj1 = gi2hj2 = w, therefore hj2 < hj1. Thus, we have
hjk < . . . < hj2 < hj1. Now
∑
gihj=w
aibj =
t=k∑
t=1
aitbjt ∈ N∗(R). (3.3)
For any t ≥ 2, gi1hjt < githjt = w and by induction hypothesis ai1bjt ∈ N∗(R). Take
p = bjt(ai1bj1)ai1 , then p ∈ I, since aibj ∈ I for each i and j. Since ai1bjt ∈ N∗(R), so
p2 = bjt(ai1bj1)ai1bjt(ai1bj1)ai1 ∈ N∗(R). Since I/N∗(R) is reduced, therefore, p ∈ N∗(R).
Now,
(aitbjt)(ai1bi1)
2 = (ait(bjt(ai1bi1)ai1)bi1) ∈ N∗(R) (3.4)
Multiplying (2.1) by (ai1bi1)
2 from right, we get
(ai1bi1)
3 +
∑k
t=2(aitbit)(ai1)bi1)
2 ∈ N∗(R). This implies (ai1bi1)
3 ∈ N∗(R). Since I/N∗(R) is
reduced, therefore, (ai1bi1) ∈ N∗(R).
Again by (2.1) we have
ai2bi2 + . . .+ aikbik ∈ N∗(R) (3.5)
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so, (aitbit)(ai2bi2)
2 = (aitbit)(ai2bi2)(ai2bi2) ∈ N∗(R). Multiplying (2.3) by (ai2bi2)
2 from right
side, we get (ai2bi2)
3 ∈ N∗(R). This implies (ai2bi2) ∈ N∗(R), because I/N∗(R) is reduced.
Continuing the procedure, we get aitbjt ∈ N∗(R) for t = 1, 2, . . . k with gihj = w. Therefore,
by transfinite induction, aibj ∈ N∗(R), for each i and j. Thus, R is a lower nilM-Armendariz
ring.
Recall that a monoidM is said to be torsion-free if the following property hold if g, h ∈ M
and k ≥ 1 are such that gk = hk implies g = h.
Corollary 3.1. Let M be a commutative, cancellative and torsion free monoid with |M | ≥ 2.
If either one of the following conditions holds, then R is a lower nil M-Armendariz ring.
(1) R is a 2-primal ring.
(2) R/I is an M-Armendariz ring for some ideal I of R and I is 2-primal with N∗(R) ⊆ I.
Proof. IfM is commutative, cancellative and torsion-free monoid, then by Result (3.3) of [18],
there exist a compatible strict total order monoid ≤ on M . Then by Proposition 2.1 and
Theorem 3.1 results hold.
Proposition 3.1. (Proposition (3.1)(a) of [1])For any u.p. monoidM , everyM-Armendariz
ring are lower nil M-Armendariz ring.
A ring R is a right (resp. left) uniserial ring if its lattice of right (resp. left) ideals is
totally ordered by inclusion. Right uniserial rings are also called right chain ring or right
valuation rings because they are obvious generalization of commutative valuation domains.
Like commutative valuation domains, right uniserial rings have a rich theory and they offer
remarkable examples, we refer [14].
Proposition 3.2. For any u.p. monoid M , every right or left uniserial ring is a lower nil
M-Armendariz ring.
Proof. Let R be a uniserial ring and M a u.p. monoid. By Corollary (6.2) of [14], R is
M-Armendariz ring. Therefore, by Proposition 3.1, R is a lower nil M-Armendariz ring.
Proposition 3.3. Let M be a monoid and N a u.p.-monoid. If R is semicommutative ring
as well as M-Armendariz ring, then R[M ] is a lower nil N-Armendariz ring.
Proof. Let α = a1g1 + a2g2 + . . . + angn and β = b1h1 + b2h2 + . . . + bmhm ∈ R[M ] such
that αβ = 0. This implies aibj = 0 for each i and j, since R is M-Armendariz ring. Also
R is semicommutative, therefore aiRbj = 0 for each i, j. Again, we can easily see that
αR[M ]β = 0. So from Corollary 2.1, R[M ] is a lower nil N -Armendariz ring.
Lemma 3.1. Let M be a monoid. If R is a 2-primal M-Armendariz ring, then R[M ]
is 2-primal ring and R is lower nil M-Armendariz ring with N(R)[M ] = N(R[M ]) =
N∗(R)[M ] = N∗(R[M ]).
Proof. By Theorem (2.3) of [12], we have R is a nil M-Armendariz ring. Since R is 2-
primal, therefore R is lower nil M-Armendariz ring. Also by Lemma (2.2) and Theorem
(2.3) of [12], we have N(R)[M ] = N(R[M ]) and R is 2-primal, so R[M ] is 2-primal. Hence,
N(R)[M ] = N(R[M ]) = N∗(R)[M ] = N∗(R[M ]).
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Proposition 3.4. Let M be a monoid and N a u.p.-monoid. If R is a 2-primal M-
Armendariz ring, then R[N ] is a lower nil M-Armendariz ring.
Proof. Since N is a u.p.-monoid, therefore N∗(R)[N ] = N∗(R[N ]), by [ [6], Theorem 3]. Also,
from Lemma 3.1 N∗(R)[M ] = N∗(R[M ]). Next, from Lemma 3.1, R[M ] is a lower nil N -
Armendariz ring. Also, rings R[N ][M ] and R[M ][N ] are isomorphic under the following map
∑
p
(∑
i
aipni
)
mp 7−→
∑
i
(∑
p
aipmp
)
ni.
Now, let
(∑
i
αigi
)(∑
j
βjhj
)
∈ N∗(R[N ])[M ],
where αi, βj ∈ R[N ] and gi, hj ∈M . We claim that αiβj ∈ N∗(R[N ]) for each i and j. Let
αi =
∑
p
aipnp, βj =
∑
q
bjqn
′
q ∈ R[N ].
Then
(∑
i
(∑
p
aipnp
)
gi
)(∑
j
(∑
q
bjqn
′
q
)
hj
)
∈ N∗(R[N ])[M ] = N∗(R)[N ][M ].
Thus, we have
(∑
p
(∑
i
aipgi
)
np
)(∑
q
(∑
j
bjqhj
)
n
′
q
)
∈ N∗(R)[M ][N ] = N∗(R[M ])[N ].
By Lemma 3.1, R[M ] is a lower nil N -Armendariz ring, so
(∑
i
aipgi
)(∑
j
bjqhj
)
∈ N∗(R[M ]) = N∗(R)[M ]
for all p, q. Hence, aipbjq ∈ N∗(R) for each i, j, p, q and from Lemma 3.1, R is a lower nil
M-Armendariz ring. So
αiβj =
(∑
p
aipni
)(∑
q
bjqn
′
j
)
∈ N∗(R)[N ] = N∗(R[N ])
for each i, j. Thus, R[N ] is a lower nil M-Armendariz ring.
Proposition 3.5. Let M be a monoid and N a u.p.-monoid. If R is 2-primalM-Armendariz
ring, then R is a lower nil M ×N-Armendariz ring.
Proof. Construction of this proof is based on the proof of Theorem [2.3] of [11].
Let
∑t
i=1 ai(mi, ni) ∈ R[M×N ]. Without loss of generality, we assume that {n1, n2, . . . , nt} =
{n1, n2, . . . , ns} with ni 6= nj , where 1 ≤ i 6= j ≤ s.
Let Ap = {i : 1 ≤ i ≤ t, ni = np}, for 1 ≤ p ≤ s.
Then
s∑
i=1
(∑
i∈Ap
aimi
)
np ∈ R[M ][N ].
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Note that mi 6= mi′ for any i, i
′
∈ Ap, when i 6= i
′
. It is easy to see that there exists an
isomorphism between rings R[M ×N ] and R[M ][N ] defined by
t∑
i=1
ai(mi, ni) 7→
s∑
p=1
(∑
i∈Ap
aimi
)
np.
Assume ( t∑
i=1
ai(mi, ni)
)( t′∑
j=1
bj(m
′
j , n
′
j)
)
∈ N∗(R[M ×N ]).
Then from the above isomorphism, it follows that
( s∑
p=1
(∑
i∈Ap
aimi
)
np
)( s′∑
q=1
(∑
j∈Bq
bjm
′
j
)
n
′
q
)
∈ N∗(R[M ][N ]).
By Lemma 3.1, R[M ] is a lower nil N -Armendariz ring. Therefore,
(∑
i∈Ap
aimi
)(∑
j∈Bq
bjm
′
j
)
∈ N∗(R[M ]) = N∗(R)[M ].
Also, by Lemma 3.1, R is a lower nil M-Armendariz ring. Therefore, aibj ∈ N∗(R) for each
i ∈ Ap and j ∈ Bq. Moreover, aibj ∈ N∗(R) for each i and j, where 1 ≤ i ≤ t and 1 ≤ j ≤ t
′
.
Hence, R is a lower nil M ×N -Armendariz ring.
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